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Abstract. We determine the sharp constant in the Hardy inequahty for fractional 
0^ ' Sobolev spaces on half-spaces. Our proof relies on a non-linear and non-local version 

. of the ground state representation. 
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1. Introduction and main results 



This short note is motivated by the paper |BDj concerning Hardy inequahties in 
the half-space := {{x', x^) : x' G M^^"*^, a^jv > 0}. The fractional Hardy inequality 
I'T^ I states that for < s < 1 and 1 < p < oo with ps 1 there is a positive constant 

rH I T^N,p,s such that 

I |A,J dxdy>VN,r>,s / ^-^^^ dx 1.1 



for all u e Co°°(M^) if < 1 and for all u e C^{R^) if > 1. In [BD] the sharp 
(that is, the largest possible) value of the constant T>n^2,s for p = 2 is calculated. Our 
^ . goal in this paper is to determine the sharp constant V^^p^s for arbitrary p. 

Indeed, we shall see that the sharp inequality (11. ip follows by a minor modification 
\^ '. of the approach introduced in |FS] . In that paper we calculated the sharp constant 

O I Cp^^p^s in the inequality 

ff \u(x)-u(y)\P ^ , ^ f \u(x)\P ^ , , 

//. ' \x -J^vs dxdy>Cr,,p, J-^dx (1.2) 

^ : for all u e C^{R^) if 1 < p < N/s and for all u G C^{R^ \ {0}) if p > N/s. A 

(non-sharp) version of (11.21) was used by Maz'ya and Shaposhnikova |MSj in order to 
simplify and extend considerably a result of Bourgain, Brezis and Mironescu [BBM] 
on the norm of the embedding W^iM.'^) C Ljvp/(7v-ps)(IR^). Our proof of (11.21) relied 
on a ground state substitution, that is, on writing u{x) = uj{x)v{x) where uj{x) = 
solution of the Euler-Lagrange equation corresponding to (II. 2p . In 
this note we shall prove (II. ip using that uj{x) = x~^^^~^^^^^ satisfies the Euler-Lagrange 
equation corresponding to (II. ip . 

We refer to |BDt [D| IKMP] and the references therein for motivations and applica- 
tions of fractional Hardy inequalities. 
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2 RUPERT L. FRANK AND ROBERT SEIRINGER 

In order to state our main result let 1 < p < oo and < s < 1 with "ps ^ \ and 
denote by >Vp(M+) the completion of C;f^(R^) with respect to the left side of ([III]). It 
is a consequence of the Hardy inequality that this completion is a space of functions. 
Moreover, it is well-known that for ps < 1, Wp(]R^) coincides with the completion of 

Theorem 1.1 (Sharp fractional Hardy inequality). Let A^>1, l<p<oo and 
< s < 1 with ps 1. Then for all u G Wp'(M^), 

\u{x) — ui'u]^ , , ^ /" \u{x)Y , 
' ■dxdy>VN,p,s ps dx (1.3) 



ixR^ F y\ Jr'^ 



._2^(N-l)/2 r((l+pg)/2) f\-^_^ips^l)/plP 



with 

The constant T>iqp s is optimal. Ifp = 1 and N = 1, equality holds ijfu is proportional 
to a non-increasing function. If p > 1 or if p = 1 and N > 2, the inequality is strict 
for any function ^ m G 'Wp(M^). 

For p >2, inequality (11. 3p holds even with a remainder term. 

Theorem 1.2 (Sharp Hardy inequality with remainder). Let N > 1, 2 < p < oo 



andO<s <1 with ^ 1. Then for all u G Wp'(M^) and v := xj^ ^'^^^ 

xR^ F — yl Jrn X^ 



u, 



.. \v{x)-v{y)\P dx dy 



where T>N,p,s "is given by (11.41) and < Cp < 1 is given by 



Cp := mm 



((I-tY-tP + ptP-^) . (1.6) 

0<T<l/2 ' ^ ^ 



If p = 2, then (11.51) is an equality with C2 = 1. 

We conclude this section by mentioning an open problem concerning fractional 
Hardy-Sobolev-Maz'ya inequalities. If p > 2 and < s < 1 with 1 < ps < A^, is it 
true that the left side of (11.51) is bounded from below by a positive constant times 

\ p/g 

'dx] , q = Np/{N-ps)l 




The analogous estimate for s = 1 

p 



f \Vu\Pdx-(^^Y f ^-^^^dx>aNp\ f \u\''dx] , q = Np/{N-p), 

Jk^ \ V J ' \Jr^ J 

(1.7) 
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is due to Maz'ya (for p = 2) [M] and Barbatis-Filippas-Tertikas (for 2 < p < N) 
[BFT] : see also |BFL] for the sharp value of (T3,2- The proof of (11. 7p is based on the 
analogue of (11. 5p . 

[ \Vufdx-(^^y [ ^-^^^dx>cp[ \Vv\PxP-'dx, u = x%-'^'''v. 

JR^ \ P J JR^ Jr^ 

2. Proofs 

2.1. General Hardy inequalities. This subsection is a quick reminder of the results 
in [FSj . Throughout we fix > 1, p > 1 and an open set Q C M^. Let be a non- 
negative measurable function on x 1] satisfying k[x, y) = k{y, x) for all x,y & Q and 
define 




u{x) — u{y) \Pk{x, y) dx dy . 



Our key assumption for proving a Hardy inequality for the functional E is the follow- 
ing. 

Assumption 2.1. Let uo be an a.e. positive, measurable function on Vt. There exists 
a family of measurable functions /c^, e > 0, on f2 x 17 satisfying ks{x,y) = ki;{y,x), 
< k^{x,y) < k{x,y) and 

limks{x,y) = k{x,y) (2.1) 
for G f2. Moreover, the integrals 

Veix) := 2 uj{x)-P+' [ icoix)-ujiy)) \co{x) - coiy)r'' hix,y) dy (2.2) 
Jn 

are absolutely convergent for belong to Li^ioc(f^) and V := lime^o exists 

weakly in Li loc(fi), i.e., / Vi^g dx ^ f Vg dx for any bounded g with compact support 
in Q. 

The following abstract Hardy inequality was proved in [FS] in the special case 
Q = M^. The general case considered here is proved by exactly the same arguments. 

Proposition 2.2. Under Assu'mption \2.1[ for any u with compact support in Vl and 
E[u\ and j V^\u\p dx finite one has 

E[u] > [ V{x)\u{x)\Pdx . (2.3) 
Jn 

For p > 2, a stronger version of (12. 3p is valid which includes a remainder term. 

Proposition 2.3. Let p > 2. Under Assumption \2. 1\ for any u with compact support 
in VL write u = ujv and assume that E[u], J V^\u\'p dx, and 




v{x) — v{y) \P uj{x) 2 k{x, y)uj{x) 2 dx dy 
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are finite. Then 

E[u] - [ V{x)\u{x)\Pdx>CpE^[v] (2.4) 
Jq 

with Cp from (11.61) . If p = 2, then (12.41) is an equality with C2 = 1. 

2.2. Proof of Theorem 11.11 Throughout this subsection we fix > 1, < s < 1 

and p 1/s and we abbreviate 

a := (1 — ps)/p . 

We will deduce the sharp Hardy inequality (11.31) using the general approach in the 
previous subsection with the choice 

cu(x) = x^°, k{x,y) = \x-y\-''-^''% V(x) = PJv,p,sx/^ (2.5) 

The key observation is 

Lemma 2.4. One has uniformly for x from compacts in M.^ 

2 lim / {uj{xn) - (^(vn)) \uj{xn) - uj{yN) T"^ k{x, y) dy = uj{xY~'^ 



+ ,\xN-yN\>e -^N 

(2.6) 

with 'Dn,p,s from (11.41) . 

Proof. First, let = 1. Then it follows from |FSl Lem. 3.1] that 

2 lim f {uj{x) — Lj{y)) \uj{x) — Lj{y)f^^ k{x,y) dy = — lj{xY^^ 



'^'^^ Jy>0,\x-y\>e 

uniformly for x from compacts in (0,oo). To be more precise, in |FSl Lem. 3.1] the 
^/-integral was extended over the whole axis. Therefore the difference between the 
constant Ci^s^p in \FS\ (3.2)] and our I^i,p,s here comes from the absolutely convergent 
integral 







{uj{x) - ij{\y\)) \uj{x) -uj{\y\ 



lP-2 



dy 



{x-yY+P' ■ 

This proves the assertion for N = 1. In order to extend the assertion to higher 
dimensions we use the fact (see |ASl (6.2.1)]) that 



2' ' T{{N + ps)/2) ^ ^ 

for > 2. Recalling = 27r'^^ /T{{N - l)/2) concludes the proof. □ 

Proof of Theorem According to Lemma 12. 4[ Assumption 12.11 is satisfied with ker- 
nel ks{x,y) = |x — y|^^^^'^X{|x]v-!/iv|>£}- Hence inequality ( II. 3p for u e C^{R^) follows 
from Proposition 12. 2[ By density it holds for all u G VVp(M:!^). Strictness for p > 1 
follows by the same argument as in |FS] . In order to discuss equality in (11.31) for p = 1 
we first note that for equality it is necessary that u is proportional to a non-negative 
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function, which we assume henceforth. From [FSl (2.18)] we see that equahty holds 
iff for a.e. x and y with uj{xn) > ^{vn) (that is, xn < Un) one has 

\uj{xn)v{x) - uj{yN)v{y) \ - {uj{xn)v{x) - uj{yN)v{y)) = 

for v{x) := u!{xi\f)^^u{x). Since for numbers a,b > the equahty \a — b\ — [a — b) = 
holds iff 6 < a, we conclude that for a.e. x and y with x^ < yn one has u{yN)v{y) < 
uj{xiy)v{x), that is u{y) < u{x). If = 1 this means that u is non-increasing. If 
N > 2 one sees that for a function u with this property the integral J^n \u\x]^^ dx is 
infinite, unless u = 0. This proves the strictness assertion in Theorem 11.11 

The fact that the constant is sharp for = 1 was shown in |FSj (with M+ replaced 
by M, but this only leads to trivial modifications). In order to prove sharpness in 
higher dimensions we consider functions of the form Un{x) = Xn{x')^p{xN), where 

{1 if \x'\ < n , 

n + 1- \x'\ if n < \x'\ < n + 1 , 
if|x'|>n + l. 

An easy calculation using (12.71) shows that 

ff \u^{x)-u^(y)\P , , .r- \^{xN)-v{yNT rl^ rin, 

JjRyxEjV \x-y\^+P^ ^^^y _^ JJr+xR+ CLXn dyN 

r \u„{x)\P , ~^ r Mx)\P , 

JR^ x"^ "-^ Jm+ x^; "-^^ 

as n ^ oo with A := ||§^-2|r((jY _ iy2) T{{1 + ps)/2)/T{{N + ps)/2). Since 
A = 'Dn^p^s/1^i,p,s, sharpness of 'Dj^^p^s for N > 2 follows from sharpness of "Pi.p.s for 
N =1. ' ' ' ' ' ' ' ' □ 

Proof of Theorem I j.H Inequality (11. 2p follows immediately from Proposition 12.31 □ 
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